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THE SUPER OPERATOR SYSTEM STRUCTURES AND THEIR 
APPLICATIONS IN QUANTUM ENTANGLEMENT THEORY 

BLERINA XHABLI 



Abstract. An operator system 5 with unit e, can be viewed as an Archimedean order unit 
space {S,S'^,e). Using this Archimedean order unit space, for a fixed fc £ N we construct 
a super k-minimal operator system OMINfe(5) and a super k- maximal operator system 
0MAXfc(5), which are the general versions of the minimal operator system OMIN(<S) 
and the maximal operator system OMAX(5) introduced recently, such that for fc = 1 we 
obtain the equality, respectively. We develop some of the key properties of these super 
operator systems and make some progress on characterizing when an operator system <S is 
.^^ , completely boundedly isomorphic to either OMINfc(<S) or to 0MAXfc(5). Then we apply 

these concepts to the study of k-partially entanglement breaking maps. We prove that for 
matrix algebras a linear map is completely positive from OMINfc(Min) to OMAXfc(A/m) 

r^ . for some fixed k < min(n, m) if and only if it is a k-partially entanglement breaking map. 

-)— » . 

C^ , Keywords: operator system, operator space, quantum information theory, quantum en- 

tanglement, Schmidt number 



^ . 1. Introduction 

C^ ■ Operator system theory was initiated with Arveson's version of the Hahn-Banach theorem 

for completely positive operator- valued mappings \T\. This theory provides an abstract 

r^ I description of the order structure of self-adjoint unital subspaces of C*-algebras. In the 

past twenty years, beginning with Ruan's abstract characterization of operator spaces [2], 
there has been a great deal of research activity focused on operator spaces and completely 
bounded maps. In contrast, there has been relatively little development of the abstract 
theory of operator systems. However, many deep results about operator spaces are obtained 
by regarding them as corners of operator systems. So, potentially, parallel developments in 
C^ ' the theory of operator systems could lead to new insights in the theory of operator spaces. 

Moreover, recent investigations in operator space and operator system theory O H] are 
being combined with those in quantum entanglement theory [5l E] in order to obtain new 
results and new elementary proofs in both areas. Prom this point of view, the results shown 
in this paper serve as a bridge between operator system theory and quantum entanglement 
theory. These unpublished results [7] have been used quite extensively to prove how mapping 
cones coincide with operator systems [8], and also to show the relationship between the 
operator systems and the separability problem in quantum information theory [9]. We give 
further details below before proceeding. 

In [lOj, two operator systems were constructed over a given Archimedean order unit space 
5, denoted as 0MIN(5) and 0MAX(5), as the analogues of MIN and MAX functors from 
the category of normed spaces into the category of operator spaces, and their properties 
were developed accordingly. The properties that characterize these two new formulated 
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2 B. XHABLI 

operator systems led the authors to prove that the entanglement breaking maps between 
matrix algebras, studied in [HI [I2l [B] , coincide with the linear maps that are completely 
positive when the matrix algebra of the domain is equipped with their minimal operator 
system structure and the target matrix algebra is equipped with their maximal operator 
system structure. 

In this paper, we consider a generalization of such parallel developments for operator 
systems. Every operator system S with a unit is an ordered *-vector space S with an 
Archimedean order unit at the first level and conversely, given any Archimedean order 
unit space, there are possibly many different operator systems that all have the given 
Archimedean order unit space as their first level. For a fixed /c £ N and a given operator 
system S, we construct a super k-minimal operator system 0MINfc(5), and a super k- 
maximal operator system 0MAXfc(5), such that whenever A: = 1 we obtain 0MIN(5) and 
0MAX(5) respectively. We investigate their properties in Sections [3l [H Furthermore, 
we provide necessary and sufficient conditions for an operator system S to be completely 
boundedly isomorphic to 0MINfc(5) or 0MAXfc(5) in these two sections. 

In Section [5] we discuss the dual matrix ordered space to a given matrix ordered space 
and identify the dual spaces of the super operator systems 0MINfc(5) and 0MAXfc(5). In 
Section[6]we apply our results to the study of partially entanglement breaking maps between 
matrix algebras encountered in Quantum Information Theory |14l [T5] . We characterize the 
k-partially entanglement breaking maps from M„ to M^ as the maps that are completely 
positive from OMINfc(M„) to OMAXfc(Mm), where k < min(n,m). The next section is 
devoted to preliminary notions and results. 



2. Preliminaries 

Let V be a complex vector space. An involution on V is a conjugate linear map 
* : V ^- V given by v i-> w*, such that v** = v and {Xv + w)* = Xv* + w* for all A G C 
and v,w G V. The complex vector space V together with the involution map is called a 
*-vector space. If V is a *-vector space, then we let Vsa = {v £ V\v = v*} be the real 
vector space of self-adjoint elements of V. 

A cone W '^V is a nonempty subset of a real vector space V, such that T^ + T^ C 1^ and 
R+W C W where M+ = [0, oo). Moreover, W is called a proper cone ifWri{-W) = {0}. 
An ordered *-vector space (y, y+) is a pair consisting of a *-vector space V and a 
proper cone V'^ C Vsa- The elements of V'^ are called positive and there is a partial order 
> (respectively, <) on Vsa defined hy v > w (respectively, ■«; < f ) if and only if v — w G V~^ 
for v,w e Vsa- 

An element e G Vsa is called an order unit for V if for all v G Vsa, there exists a real 
number i > such that te > v. This order unit e is called Archimedean order unit if 
whenever v & V and te + v G V~^ for all real t > 0, we have that v G V^ . In this case, we 
call the triple (y,V~^,e) an Archimedean ordered unital *- vector space or an AOU 
space for short. 
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Let {V, V^), (W, W^) be two ordered *-vector spaces with order units e, e' respectively. 
A linear map (f> : V ^ W is called positive if (f)(y^) C VF+, and unital if it is positive 
and 0(e) = e' . Moreover, </> is an order isomorphism if (j) is bijective, and both (j), (/)~^ are 
positive. Note that, ii cp : V ^ W is positive, then (j){v*) = </>(f )* for all v £ V. 

Let V be a *-vector space and let Mn^miy) denote the set of all n x tti matrices with 
entries in V . The natural addition and scalar multiplication turn Mn^miY) into a complex 
vector space. We often write Mn^m = -^n,m(C), and let {E'ij}"'"!]^ denote its canonical 
matrix unit system. For a given matrix A G Mn^m, we write A,A^ and A* for the complex 
conjugate, transpose and complex adjoint of A, respectively. If n = rri, we write M„^„ = 
Mn and /„ for the identity matrix. The matrix units determine the linear identifications 
Mn,miV) = Mn,m (S) V ^ V Mn,m, where 



n,m 



V = (vij) I— )■ y^ Eij ^ Vij and v = (vij) i— )■ y^ Vij ^ Eij, respectively. 

i,j=l i,j=l 

More often than not, we will use the first linear identification with the matrix coefficients on 
the right. There are two basic natural operations which link the finite matrix linear spaces 
Mn,miV)'- the direct sum and the matrix product. Given v G Mn^miV) and w £ Mp^q{V), 
then we define the direct sum v Q w £ Mn+p^m+q(y) by 



V H) w 



V 
w 



G Mn^p^m+q{y)- 



On the other hand, given A = (aki) G Mp^n, B = (bji) G Mm,q and v = (vij) G Mn^miV), 
we define the matrix product AvB G Mp^q{V) by 

p,q 



AvB 



7 ^ ttkiVijbji 



G Mp,,(y). 

k,l=l 



Note that, if y = Mr and we use the identification Mn,m,{Mr) — Mn^m '^ M^, then we have 
for any X G Mp^n, « G Mn^miMr) and Y G Mm^q 

XaY = {X (^ Ir)a{Y Ir) G Mp^q{Mr). 

Let y, W be two *-vector spaces. Given a linear map (p : V ^ W and n, m G N, we have a 
corresponding map (/)("''^) : M„,^(F) -^ Mn,m{W) defined by 0("''")(t;) = ((/>(%))• We let 

^(n) ^ ^(n,n) . Mn{V) -^ M„(VF). 

If we are given v, w, A and B as above, then one can easily verify that 

^(n+p,m+9)^^ e ti;) = 0("''")(w) e (/.(P'«)(u;) 
and 

Moreover, if </) : y — t- VF is a linear map and W = M^, then we have for any X G Mp^n, 
a G Mn^miy) and y G Mm,g 

(/>(P'^)(Xay) = X(/>("'™)(a)y = (X 4)(/.("'™)(a)(y ^ 4). 
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Let V be a *-vector space. We define a *-operation on M„(y) by letting [%]* = [f*j]. 
With respect to this operation, M„(y) is a *-vector space. We let Mn{V)sa be the set of 
all self-adjoint elements of Mn{V). Let {C„}J^^ be a family of proper cones C„ C Mn{V)sa 
for all n G N, such that they are compatible, i.e X*CnX C Cm for all X G Mn^m, m G N. 
We call each such C„ a matrix cone, the family of these matrix cones a matrix ordering 
on V, and the pair {V^ {Cn\^=i) a matrix ordered *- vector space. 

Let {y,{Cn}'^=i) and (H^, {C/^}^]^) be matrix ordered *-vector spaces. Then a linear 
map (j) -.V ^W \s called completely positive if (?!>(") (C„) C C'^ for all n G N. Moreover, 
(f) is called a complete order isomorphism if <j) is invertible and both 0, (f)^^ are com- 
pletely positive. 

Let {V,{Cn]^=i) be a matrix ordered *-vector space. Let e G l^a be the distinguished 
order unit for V. Consider the corresponding diagonal matrix e^ = e /« G Mn{V)sa for 
all n G N, where In is the unit of M„. We say that e is a matrix order unit for V if 
e„ is an order unit for the ordered *-vector space {Mniy)-,Cn) for each n. We say e is 
an Archimedean matrix order unit if e„ is an Archimedean order unit for the ordered 
*-vector space (M„(y), (7„) for each n. Finally, we say that the triple {V, {Cn}^=i, e) is an 
(abstract) operator system, if 1/ is a *-vector space, {C„}5^^ is a matrix ordering on 
V, and e is an Archimedean matrix order unit. 

The matrix ordering {C„}^]^ such that {V, {Cn}^=i-,e.) is an operator system with Ci = 
V^ is called an operator system structure. Given an operator system (5, {P„}J^]^, e) 
and a unital positive map if : V ^ S such that V^ = (^~^(Pi), one obtains an operator 
system structure on V by setting Cn = fn^{Pn)- We shall call this the operator system 
structure induced by ip. Conversely, given an operator system structure on V , by letting 

5 = V and letting ip be the identity map, then we see that the given operator system 
structure is the one induced by ip. 

If "P = {Pn^'^^i and Q = {Qn]'^=i are two matrix orderings on V , we say that V is 
stronger than Q (respectively, Q is weaker than V) if Pn ^ Qn for all n G N. Note that 
V is stronger than Q if and only if for every n, and every A.,B ^ Mn{y)sa^ the inequality 
A <-p B implies that A <q B, where the subscripts are used to denote the partial orders 
induced by V and Q, respectively. Equivalently, V is stronger than Q if and only if the 
identity map on V is completely positive from {V, {Pn}'^=i) to {V, {Qn}'^=i)- 



Definition 2.1. Let {y^{Cn}'^=i) he a matrix ordered ^-vector space with matrix order 
unit e. A linear map (p : V ^ M^ is called unital if 0(e) = I^, (j) is called positive if 
(t>{V+) C M+, and (p is called k-positive if (p^^^Ck) ^ Mk{Mk)+ . Set 

Ski^) = {(p ■ V ^ Mk I <j) unital k-positive maps }. 

Proposition 2.2. Let {V, {Cn}^^i) be a matrix ordered *-vector space. For a fixed /c G N, 
let (j) : V ^ Mk be a linear map. Then (p is completely positive if and only if (p is k-positive. 
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Proof. This is a known proposition [3j, but here we provide a different simple proof: 
If (p is completely positive, then (p is k-positive for each k G'N. Now assume <j) is k-positive. 
Before showing (/)("■)(«) > for all v G Cn,n > k, we will prove the following result: 
Given any vector x G C^^C^, there exists an isometry /3 : C'^ — >• C" and a vector x G C*''(8>C'^ 
such that (/3 O 4)(x) = x for all n > A; in N. For this, let a = ef ^ = (0, . . . , 0, Ij, 0, . . . , 0) 
be the usual basis vectors for C , and let x G C" (8) C . Then there exist unique vectors 



Xi G 



1,2, ... ,k with X = Yl 



i=l 



(k) 

Xi® el . Let -F C C" be the subspace spanned by 
the vectors Xj. Then we have dimJ^ < k < n. Thus, we may find an isometry /3 : C^ — t- C^ 
whose range contains J-. For each i, we have a unique vector Xj G C such that /3(xj) = Xj. 
Thus, if X = J2i=i ^i ^ ^i ) then (/3 (g) Ik){x) = x. Now, let f G C„ and n > k. Then 

(0(")(t;)x,x) = (0(")(r;)(/3®4)(x),(/3®4)(x)) 
= ((/3*$D4)0(")W(/3®4)(x),(x)) 
= (0('=)(/3*w/3)x,x) >0. 
Thus, (/) is n-positive for all n G N, i.e. completely positive. D 

Remark 2.3. Let {V, {Cn}'^=i) be a matrix ordered *-vector space with matrix order unit 
e, and let (f) : V ^ Mk be a linear map. 

(i) We can think of 4> as a k x k matrix of linear functionals 4>ij : y — )• C, i.e. 

(^=[0.4,=iGMfe(y')- 



(ii) If (j) is a positive linear map, then 4>{v*) = (j){v) for all v ^ V , where t stands for 

the transpose. 
(iii) If (p is a positive linear map, then all the diagonal entries of (j) are positive linear 

functionals. Moreover, if (p is unital, then the diagonal entries are states. 
(iv) If (p is a positive linear map such that (p{e) = Dr (BO, 1 < r < k, where 



Dr 



di 



do 











dr 



, di G 



1 < i < r. 



then one can easily verify that (p can I 
is a positive map such that (p{e) = Dr 
diagonal map of rank r, 1 < r < k. 



written as (p = (p (B 0, where (p : V ^ Mr 
In this case, (p is called to be a positive 



Lemma 2.4. Let {V, V'^) be an ordered *-vector space with order unit e. If (p :V ^ M^ is a 
non-zero positive map, then (p is unitarily equivalent to a positive diagonal map ^p : V ^ M^ 
of rank r < k. 

Proof. Let (p : V ^ M^ be a positive map such that (p{e) = P G M^ . The rank of the 
matrix P is at least 1 and at most k. Without loss of generality, assume rank(P) = r, for 
some 1 <r <k. There exists a unitary U , such that U*PU = Dr(BO, where Dr is an r x r 
diagonal matrix with positive diagonal entries. Define ip : V ^ M^ by 

V'(-) = u*4>{-)u. 
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It is straightforward to check that ?/^ is a positive hnear map with V'(e) = D^ © 0, i.e. ip is 
a rank r positive map, 1 <r <k. Hence, (j) is unitarily equivalent to such a map. D 

Corollary 2.5. Let {y,{Cn}'^=i) he a matrix ordered ^-vector space with matrix order unit 
e. If (f) : V ^ Mk is a non-zero k-positive map, then (j) is unitarily equivalent to a k-positive 
diagonal map ip : V ^ Mj. of rank r < k. 



Remark 2.6. // {V,{Cn}'^=i) is a matrix ordered *-vector space with matrix order unit e 
and (/> : y — )■ M^, is a non-zero k-positive map with (p{e) = P > of rank r < k, then one 
can easily show that (j) is congruent to some k-positive map -(/'©O : F — >■ M^ with ip G Sr{V) 
by using Lemma \2.4\ and Corollary \2.5[ 



The following proposition is a generalization of Proposition 3.12 and Proposition 3.13 en- 
countered in flBl: 



Proposition 2.7. Let {V,{Cn}'^=i) be a matrix ordered *-vector space with matrix order 
unit e such that {V,Ci = V~^,e) is an AOU space. If v £ V and (j){v) > for each 
4> G Sk{V), then v £ V^ . Furthermore, if 4>{v) = for all such <j), then v = 0. 

Proof. Let s : y — )• C be a state on V, i.e. s G S{V). Define 











: V ^ M,. 



kxk 



Then (j) E Sk{V). Let v £ V. Then (j){v) > if and only if s{v) > 0. This implies v E V^. 
Moreover, (j){v) = if only if s{v) = 0, which implies v = O.(more details in [16].) D 

Let {V, V'^) be an ordered *-vector space with order unit e. We endow the real subspace 
Vsa with the so-called order seminorm \\v\\ = inf{r| —re<v< re}. We extend this order 
seminorm on Vga to a *-seminorm on V that preserves the *-operation, i.e. \\v*\\ = \\v\\ for 
all V gV. We define the order seminorm on V to be a *-seminorm ||| - 1|| on y with the 
property that |||f ||| = \\v\\ for all v E Vsa- If e is an Archimedean order unit, then all these 
order seminorms become norms because 111^111 = implies v < and v > 0. Every order 
seminorm || • || on T/ induces an order topology on V, the topology with a basis consisting 
of balls Bf:{v) = {w G V : \\v — w\\ < e} for v £ V and e > 0. Note that since || • || is not 
necessarily a norm, this topology is not necessarily Hausdorff. 

Remark 2.8. Let A E M^ be a k x k matrix. Recall the usual matrix norm 

\\A\\ = sup{||ylx|| : x £& with \\x\\ < 1}. 

From matrix theory ^ITj , we know that if we divide A into block matrices 



A 



GMfc, 



where A^ E M^, 1 <r <k, 
the same, i.e. \\A\\ = \\AA\ 



then \\A\\ > \\Ar\\. Moreover, if A = Ar®^, then the norms are 
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Definition 2.9. Let {V, {Cn}'^=i) be a matrix ordered *-vector space with matrix order unit 
e. We define the k-minimal order seminorm || • ||fc-mm : V -^ [0, +00) hy 

\\v\\k-min = SUp{||(/)(u)|| : 4) £ SkiV)}. 

Note: When k=l, the k-minimal order seminorm becomes the usual minimal order semi- 
norm defined in [I6| by \\v\\m = sup{|s(t')| : s is a state}. And || • \\m < ||| • ||| for every 
other *-seminorm ||| - ||| on 1/. 

By definition, we have ||e||fc_mm = ||e||m = |||e||| = 1- If {V,{Cn}'^=i,e) is an abstract 
operator system, and (p : V ^ Mj. is k-positive such that the norm of ||i;^(e)|| < 1 with 
respect to k-minimal norm, then (j) is called a contraction. 

Proposition 2.10. Let {V, {Cn}'^=i) he a matrix ordered *-vector space with a matrix order 
unit e and let k gN. Then 



\v\\k-min = sup {\\(j){v)\\ ■ (p ^ [J SriV) }. 



r=l 



Proof. For fixed k £ N, let r < k. If r = k, then it is clear that \\v\\k- 
Assume r < k and let G SkiV). Write 



'^ij\ij=l 



H\i=X * 



Denote [4>ij]l j^i = 4>r- Then, one can easily verify that (pr E SriV). Hence, we have 

4>r{v) 



mv)\\ 



> \\Mv)\\- 



By taking supremum over all (p G SkiV), we obtain 

ll^^lU-mm > ll'Ar(^^)||, for all (pr G SriV). 

This implies ||f Hfc-mm ^ lbl|r-mm- As a result, we conclude that 

k 

\\v\\k-min =SUp{\\(p{v)\\ ■ (p G [J Sr{V) }. 



D 

Theorem 2.11. Let (y,{Cn}^i) be a matrix ordered *-vector space with matrix order 
unit e such that (V,V~^,e) is an AOU space. Let \\\ ■ \\\ be any order norm on V such that 
II ■ ||fc-mm. ^ III ■ III o,iT'd let (p : V ^ Mfc be a k-positive map. If \\(p\\ denotes the norm of the 
k-positive map (p with respect to the order norm \\\ ■ \\\, then \\<p\\ = \\<p{e)\\Mk- Moreover, if 
(p is unital, then \\(p\\ = 1. 

Proof. By Lemma 12.41 above, we have that any positive map (p : V ^- M^ is unitarily 
equivalent to a rank r < k diagonal map ip : V ^ Mk such that ip = (ip) © 0, with 
ip{e) = Dr, for all 1 < r < fe. Therefore, \\(p\\ = \\tp\\. Note that ||V|| = HV'II- Hence, it's 
enough to show that \\(p\\ = ||0(e)|| for any diagonal map cp of rank k. Let (p : V ^ Mk be 
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a k-positive map with 0(e) = D^ > invertible. Then ip = cf){e)^^''^(j)(j){e)^^''^ is a unital 
k-positive map, and for any v £ V, we have 

110(^)11 = U{e)'/'i;iv)<p{ey/'\\ < me)\\'/' ■ ||^(t;)|| • ||</>(e)f /^ 

< me)\\-snp{Mv)\\:^GSk{V)} 

= \\(f){e)\\ ■ \\v\\k-min < ||0(e)|| • lllt'lll. 

So, we have \\4>\\ < \\(j){e)\\. In addition, since ||e||fc-mm = |||e||| = 1, it follows that 
= ||(/)(e)||. Moreover, if is unital, then ||(/)|| = 1. D 



We denote by B{'H) the space of all bounded linear operators acting on a Hilbert space 
7i. A concrete operator system 5 is a subspace of B{T-L) such that S = S* and /^ G S. 
As is the case for many classes of subspaces (and subalgebras) of B{T-i), there is an abstract 
characterization of concrete operator systems, as was shown in [10] . If 5 C B(T-L) is a 
concrete operator system, then we observe that 5 is a *-vector space, S inherits an order 
structure from B(T-L), and has /-^ as an Archimedean order unit. Moreover, since S C B{%), 
we have that M„(5) C Mn{B{T-L)) = BiTi"-) and hence M„(5) inherits a natural order 
structure from B{'H") and the n x n diagonal matrix 



In 



'^^ , 

■•• 



Ih_ 

is an Archimedean order unit for Mn{S). In other words, S is an abstract operator system 
(5, {M„(5)'^}J^^, !■}{), where each matrix cone M„(5)^ contains nx n positive matrices in 
Mn{B{'H)) for all n G N. We will call this matrix ordering {Mn{S)^}'^^i as the natural 
operator system structure of S inherited by the order structure of B{T-L). The following 
result of Choi and Effros \1'&\ |3] shows that the converse is also true. 

Theorem 2.12 (Choi- Effros). Every concrete operator system S is an (abstract) operator 
system. Conversely, if {V,{Cn}^=i,e) is an (abstract) operator system, then there exists a 
Hilbert space %, a concrete operator system S C B{%), and a complete order isomorphism 
(j) -.V ^ S with (j){e) = I-u- 

Thus, every operator system S C B{T-L) can be viewed as a matrix ordered *-vector space 
{S^{Mn{S)~^}'^^i) with (Archimedean) matrix order unit e = I^. Therefore for the rest of 
this paper, given an operator system S, we will use its "natural operator system structure" 
inherited by the order structure of BiT-L) for some Hilbert space %., and build new operator 
system structures on it. 

3. The Super k-Minimal Operator System Structures on S 

Let S be an operator system and let e be its unit. Before setting up the k-minimal 
operator system structure on the AOU space (5,5"'",e), recall the weakest operator system 
structure, introduced in [lO] and denoted by C'"^"(5) = {C™"(5)}~=i, where 

C™"(5) = {{Oi,) G Mn{S) : {s{ai,)) G M+, for all s G S{S)} 

= {{dij) G Mn{S) : {f{aij)) G M^ , f positive linear functional} 
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= {{aij) G Mn{S) : a*{aij)a G 5+, for all a G C"}. 

C™'*"'(5) is the operator system structure on 5, induced by the inclusion of 5 into C{S{S)), 
the C*-algebra of continuous funtions on S{S), set of states on S. And 0MIN(5) is the 
operator system (5,C'"*"'(5),/-h), which can be identified as a subspace of C(5(5)), up to 
complete order isomorphism. 

In the next result, we generalize the complex version of Kadison's characterization of 
function systems [161 E] • 

Theorem 3.1. Let S be an operator system with unit e and fix k € Z"*". Give S the order 
topology generated by the k-minimal order norm, denoted as Sk-minj o.'^d endow the space 
of unital k-positive linear maps Sk{S) = {0 : 5 — )• M^ \(f> is unital k-positive map} with the 
corresponding weak* -topology. Then 5^(5) is a compact space, and the map 

r : 5 ^ Mk{C{Sk{S))) given by r(a)(0) = 0(a) 

is an injective map that is an order isomorphism onto its range with the property that 
r(e) = Ik- Furthermore, T is an isometry with respect to the k-minimal order norm on S 
and the sup norm on Mk{C{Sk{S))). 

Proof. Let 5 be a given operator system with unit e. Then (S, 5"*", e) is an AOU space, and 
its dual S* is a normed *-vector space. For fixed /c G N, one can show that Mfc(5*) = {(p = 
{(pij) : S — )• Mfc I 4>ij G S* for all 1 < i,i < A;} is a normed *-vector space, too. Then the 
unit ball of Mk{S*) is defined as 

(Mfc(5*))i = {0 G Mk{S*) : m < 1}. 

Endowing S with any order norm ||| • ||| makes Sk{S) a subset of the unit ball of Mk{S*). 
In addition, suppose that {(l)\}\^\ C Sk{S) is a net of these maps, and Y\n\(j)x = cj) \n the 
weak*-topology for some (j) G Mk{S*). Then for any a G S^ we have that lim</>A(a) = 0(a) 
, and since 4)\{a) > for all A, it follows that (j){a) > for all a G S^ . Similarly, for 

any A G Mfc(5)+, we have that \\m.(t)f^{A) = 0(^)(^) , and since 0f^(^) > for all A, it 
follows that (f)^^>{A) > for all A G Mk{S)~^. Hence is a k-positive linear map. Moreover, 
0(e) = lim0;^(e) = lim/jt = I^, i.e. is unital. Thus Sk{S) is closed in the weak* -topology. 

In the case of the k-minimal order norm, we have Sk{S) C (Mfc(5^_^j^))i, and the latter 
(Mfc(5*_^.„))i ^ {Mk{Sk-min))l- It follows from Alaoglu's Theorempl Theorem 3.1], 
that {Mk{Sk-min))i is compact in the weak*-topology, which implies that {Mk{S^_^^^))i 
is compact, too. Since Sk{S) is a closed subset of this compact ball, we have that Sk{S) is 
compact in the weak*-topology. 

Consider the continuous matrix- valued functions a : Sk{S) — )■ Mk given by a(0) = 0(a) G 
Mfc. The collection of such continuous functions {d : Sk{S) — )■ M^} together with || • ||fc-mm 
norm, form the unital C*-algebra Mk{C{Sk{S))), i.e. 

Mk{C{Sk{S))) = {d : Sk{S) — )• M^jd continuous matrix-valued function }. 

Let r : 5 ^ Mk{C{Sk{S))) be the map given by r(a)(0) = 0(a). If r(a) = for some a G 5, 
then 0(a) = for all G Sk{S). It follows from Proposition 12.71 that a = 0. Therefore, F is 
one-to-one. 

In addition, if a G S^ , then for any G Sk{S) we have that F(a)(0) = 0(a) G M^ 
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by the positivity of (j). Hence the function T{a) takes on nonnegative values and T{a) G 
Mk{C{Sk{S)))+. Conversely, if T{a) £ Mfc(C(5fc(5)))+, then for all (j) £ 5^(5) we have 
that <^(a) = r(a)(</)) > 0. This implies a G S~^ by Proposition 12. 71 Therefore, F is an order 
isomorphism onto its range. Finally, if a G 5, then 

||a||fc-mm = sup{\\(p{a)\\\(p € Sk{S)} 

= sup{||F(a)(,/.)||:,^G5fc(cS)} 

= l|r(a)||oo. 

so that F is an isometry with respect to the k-minimal order norm on S and the sup norm 
on Mk{C{Sk{S))). D 



Remark 3.2. Since unital C* -algebras are operator systems, the order isomorphism map 
F of Kadison's Representation Theorem induces a new operator system structure {Cn}^=i 
on S. We have Ci = S^ = F~"'^(Pi), where Pi denotes the set of nonnegative matrix-valued 
continuous functions on Sk{S). In addition, we say (aij) £ Cn if and only if (F(ajj)) G 
Mn{Mu{C{Sk{S))))+ , if and only if (0(ai,)) G M+ for every G Sk{S) . 

Definition 3.3. Let S he an operator system with unit e. For each n G N set 

C^™-(5) = {(a,,) G Mn{S) : ((/<(a,j)) > 0, for all G Sk{S)], 

Qk-vain^g^ = {C^-™"(5)}^^i and define 0MINfc(5) = (5,C'^-™"(5),e). 

By the definition and the remark above, c''~"^^"-[S) is the operator system structure on S in- 
duced by the inclusion of S into Mk{C{Sk{S))). We call c''~"^'^"- (S) the super k-minimal 
operator system structure on 5, and we call 0MINfc(5) the super k-minimal oper- 
ator system. 



Properties of super k-minimal operator system structures on S: 

(1) When A; = 1, C7i-™"(5) = Cr"(5) for ah n G N: 

(a,,) G Ci-™"(5) ^^ (s(a,,)) G M+, for all s G Si{S) = S{S), 
^^ a*{aij)a G 5+, for ah a G C". 

(2) M„(5)+ C C7^-™"(5) C C™"(5), for all n G Z+: 

Note that M„(5)+ C C^-™"(5) is obvious by the definition of C7^-™"(5). Now, let 
(oij) G C^-™"(5) for some fixed k G Z+, and let a G C". Then 

< (a* ® 4)(0(ay))(a «> 4) = (t){a* [a^j]a) , for ah G 5^(5). 

This implies a*{aij)a G 5+, for all a G C", i.e. (a,j) G C7™"(5). 

ih—minf c\ r— r-ik—rain 



(3) Q-™"(5) C C^-™"(5) for all h>k: 
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Let {aij) £ C^"™"(y). The equality holds when h = k. Suppose h> k and let (p G 5^(5) 
and s e S{S). Define $ : 5 ^ M/, by 



$ 



(h-k) times 











One can easily verify that <1> is a well-defined positive linear function with ^{e) = Ih, i-e. 
$ G ShiS). This implies ($(ajj)) > 0. Thus, we have: 



< iHaij)) 



By the canonical reshuffling, we obtain: 



s{aij) 











s{aij) 



«j 



< {<^iai,)) 



(0(«ij)) 



{s{aij)) 











s{aij)) 
(Haij)) > 0, for all G SkiS) 

ij) ^ C'„ 



> 



(a,,) G C^™"(5). 



(4) The identity map i : 0MINft(5) — )• 0MIN,fc(5) is completely positive, whenever h > k. 



Proposition 3.4. Let S be an operator system with unit e, f : S ^ M^ be a k-positive 
linear map, and 

C^{S) = {{aij) G Mn{S)\ ifiaij)) G M+ , f : S ^ M^ k-positive}. 

Then {(7^(5)}^]^ is the super k-minimal operator system structure on S. 

Proof. It suffices to show that C^{S) = C^-'^™(5) for all n. One can see that C^{S) C 
C^~™'*"(5) is trivial, since Sk{S) is just a subset of all k-positive linear maps from S to 
Mfc. On the other hand, let (ajj) G C^~™'*"'(5) and let </> : 5 — )• M^ be a k-positive 
map with (p(e) = P > 0. Then there exists a unital k-positive map ip G Sk{S) such that 
</,(.) = pV2^(.)pi/2 [3j Exercise 6.2]. Hence, we have 

(0(a,,)) = {P'/'Ha,,)P'/^) = (4 ® P^/2)(^(a,,)(4 » P'/')- 

This shows that {aij) G C^X^) and C^-™"(5) C C^(5). Hence, C^(5) = C7^-™"(5) is the 
super k-minimal operator system structure on S. D 
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Remark 3.5. The above result shows that we can define the super k-minimal operator 
system structure in a more general way, as 

C^-™"(5) = {{aij) G M„(5)| {(l){aij)) >{), <j) : S ^ M^ k-positive map }. 

Lemma 3.6. Let S be an operator system and let X be a compact space. If ip : 5 — )• 
Mk{C{X)) is k-positive, then ijj is completely positive. 

Proof. Define vr^ : Mk{C{X)) — t- M^ to be the point-evaluation matrix function, i.e. 
T^x{{fij)) = {fij{x)). It is clear that vr^ is a well-defined *-honioniorphisni. Moreover, 
TTx is completely positive. Consider vrj; o -0 : 5 — )• M^. Let [aij) G Mfc(5)"'", then 
{'il:{aij)) G Mfc(Mfc(C(X)))+, which implies {'Kx{4'{0'ij))) G -M"^, since t^x is a completely 
positive map. The k-positivity of ip implies vrj; o -0 : 5 — )• M^ is a k-positive map, and 
therefore completely positive by Proposition 12.21 As a result, ij) is completely positive. D 

Theorem 3.7. Let S he an operator system with unit e. If (W, {Cn}^=i) is a matrix ordered 
^-vector space and 4) -.W ^ 0MINfc(5) is k-positive, then (/> is completely positive. 
Moreover, if S = (5, {C„}J^;^, e) is another operator system on S with C^ = Mfc(5)+ such 
that for every operator system W , any k-positive map ip : W ^ S is completely positive, 
then the identity map on S is a complete order isomorphism from S onto 0MINfc(5). 

Proof, (i) It is clear that, up to complete order isomorphism, 0MINfc(5) can be identified 
with a subspace of Mfc(C(5fc(5))). We know that 5^(5) is a compact space. Substituting 
X = Sk{S) in Lemma 13.61 we get 4) : W ^ Mk{C{Sk{S))) is completely positive, i.e. 
4) -.W ^ OMW kiS) is completely positive. 

{ii) Now, let S = (5, {C„}J^]^, e) be another operator system with C^ = Mfc(5)+ such that 
for every operator system W , any k-positive map ip -.W ^ S \s completely positive. Note 
that Ck = M}i{S)'^ implies that Cj = Mj(5)"'" for all i = 1,2, ... ,A;. Moreover, we know 
that M„(5)+ C C^-™™(5)), with equality holding for 1 < n < /t. Hence, 

Mu{S)+ = Mu{S)+ = C^™"(5). (*) 

Let z : 5 — 7- 0MINfc(5) be the identity map on S. By the identity (*) above, both i and 
z~^ are k-positive maps. Then, by (i), i is completely positive, and by the assumption, z~^ 
is completely positive. Since i is also unital, we have that S and 0MINfc(5) are completely 
order isomorphic. 

D 

Proposition 3.8. Let S he an operator system with unit e and fix /c G N. Then the identity 
map id from 0MINfc(5) to S is completely bounded with ||id||c6 = C if and only if for every 
operator system T , every unital k-positive map (f) : T ^ S is completely hounded and the 
supremum of the completely hounded norms of all such maps is C . 

Proof. Refer to [lOl Proposition 5.3]. D 

4. The Super k-Maximal Operator System Structures on S 

Let S be an operator system with unit e. For all n G N, we have that M„(5) = M„ C3 5, 
the natural algebraic tensor product. Moreover, we have that Mn{S)sa = (-^n)sa <^ Sga-, 
where the right-hand side is the algebraic tensor of real vector spaces. 
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Recall the strongest matrix ordering P™'"^(5) = {D^'^^ {S)}'^^i on the AOU space 
(S,S~^,e), where each matrix cone Z)™"^'(5) is given by 

^max^5) = |^ai0Si:SiG5+,aiGM+,l<i< A:,A:Gn| 

Adia.g{si,...,Sm)A* : A £ Mn,m,Si £ S~^,m £ N 

with e being just a matrix order unit for this ordering on a general operator system 5, as 
was shown in [10]. 

Definition 4.1. Let S be an operator system with unit e. For some fixed k G'N, set 

jjk-max^^^ = {ADA* I A G Mn,„^k, D = diag{Di, ..., Dm), where 

Di G Mfc(5)+, 1<1 <m,m€'N} 

and pfc-™«^(5) = {L>^^-'"'^^(5)}~=i. 

Proposition 4.2. Let S be an operator system with unit e. Then p'^-™-^-^^^) ig a matrix 
ordering on S and e is a matrix order unit for this ordering. In particular, I>-'^~''""^'(5) is 
the strongest matrix ordering on S. 

Proof. Need to check the three conditions of being a matrix ordering on S: 

(1) L»^-'"'^^(5) is a cone in M„(5),a for each n G N, and in particular, L»^-™"^(5) = 5+: 
For each n G N, D^~'""^'(5) is a non-empty subset of Mn{S)sa as one can eas- 
ily verify that Z?™"^(5) C D^^™-°-^{S). Moreover, by definition we have that 
£)k-max ^^^ C Mn{S)~^ with the following two properties: 

(i) D^~"^°'^{S) is closed under positive scalar multiplication: 
Let A G M+ and ADA* G L>^-™"^(5), then 

A(^L>^*) = {V\A)D{^/\A)* 

= A{\)A* G Z)^-'""^X5). 

(ii) D^~"^°-^{S) is closed under addition: 

Let ADA*,BDB* G D^-"^''^(5), where ^ G M„,^fc, B G M„,pfc, 
D = diag(Di, . . . , Dm), D = diag(Z)i, . . . , Dp), then we have: 

'D Ol U* 

d\ [b* 

For n = 1, we have 5+ = Dp^(5) C D^^-'"'^^(5) C S+ , i.e. D^-™"^(cS) = 5+. 

(2) ^^-"^'^^(5) n -L>^-™«^(5) = {0} for ah n G N: 

Note that £'^-'"'^^(5) n -D^-'^"^(5) C M„(5)+ n -M„(5)+ = {0}. 

(3) XD^-'^'^''{S)X* C Z)^-™«^(5) for all X G M^,„ and for ah m,n G N: 
Let ADA* G L>^-'""^(5), X G Mm,„ for any m,n G N, 

then X{ADA*)X* = {XA)D{XA)* G L>^-'^"^(5), 

i.e. XZ)^-"^"^^^)^* ^ D^""'''{S) for all m,n. 
Hence, (1), (2) and (3) show that jy^-^^-^^^ (^S) is a matrix ordering on S. It remains to show 
that e is a matrix order unit for this ordering. It is clear that e is an (Archimedean) order 



ADA* + BDB* = [A B] 



G L>^-™«^(5). 



14 B. XHABLI 

unit for D*=-'""^(5) since Df-'""^(5) = 5+. Since ^"^"^(5) is the strongest matrix ordering 
on 5, then we have D^°'^{S) C D^~™"^(5) for all n G N. We know e„ is an order unit for 
(M„(5),D;f''^(5)). It follows that e„ is an order unit for (M„(5), D^-^'^^X^)), i.e. e is a 
matrix order unit for V "^"-^[S). As a result, p^-™'*^^^) ig g, matrix ordering on 5. In 
particular, for fe = 1 we have that 'D^~"^'^^ (S) = 'D^°'^{S) is the strongest matrix ordering 
on 5. D 

Remark 4.3. Given an operator system S with unit e, we have that (5, 2?'^~™"^(5), e) is 
a matrix ordered ^-vector space for some fixed A; G N. 

(1) // the operator system S is finite- dimensional, then one can verify that this matrix 
ordered *-vector space (5, T)^~"^"'^{S),e) is an operator system. 

(2) If S is an infinite- dimensional space, then 2?«~™«^(5) ig j^gi q matrix ordering, not 
an operator system structure. As an example, let S = C([0, 1]) be the vector space of 
complex-valued functions on the unit interval, with S^ the usual cone of positive functions 
and e the constant function 1 . 

1 J2mt' 

Let P{t) = -2mt be a self-adjoint element in M2(C([0, 1])). 



Then re2 + P{t) 



p—2ivit 1 

■ 1 + r e^'^** ■ 

p—2iTit 1 _|_ ^ 



G Z)^''^(C([0, 1])) for every r > 0, 



hut P{t) ^ Z)^'^^(C7([0, 1])) as was shown in ^IQ]. 

This shows that e = 1 can not he an Archimedean matrix order unit. 

As a result, (C([0, 1]),P™''^^'(C([0, 1])), 1) can not he an operator system. Furthermore, the 

mc/usionP™"^(C([0, 1])) C p'^-'""^(C([0, 1])), A; G N, implies i/iaiP'=-™'^^(C([0, 1])) is just 

a matrix ordering, too. 

(3) To transform the matrix ordered space (C([0, 1]),P™'°^(C([0, 1])), 1) and consequently 
(C([0, 1]),'D'^~™''^^'(C([0, 1])), 1) into operator systems, we will use the Archimedeaniza- 
tion process for matrix ordered spaces. This theory was developed in detail for ordered 
^-vector spaces in |16j . and generalized to matrix ordered spaces with a matrix order unit e 
in [To]. 

The Archimedeanized matrix ordered *-vector space {S,T)"^°'^{S),e) with underlying oper- 
ator system S, matrix ordering C""^(5) = {C7^"^(5)}~=i, given by Cf '^^(5) = D^^ = S+ 
and 



C7™"^(5) = lA£ Mn{S) -.rCn + Ae Dl^''''{S) for all r > 

is the maximal operator system 0MAX(5) = {S , C"^'^^ (S) , e) in [TO] , 
Definition 4.4. Let S he an operator system with unit e. We set 

C^-""^(5) = lAeMn{S): rCn + Ae D^-'"'^^(5) for all r > 

Qk-max^^^ = {C^-'"'^^(5)}^=i and define 0MAXfc(5) = (5,C'=-™''^(5), e). 



SUPER OPERATOR SYSTEM STRUCTURES IN QUANTUM ENTANGLEMENT 15 

By the definition and the results above, we have that the enlarged matrix ordering c^-max ^^^ 
is a new operator system structure on S, which we shall call the super k-maximal oper- 
ator system structure on S and 0MAXfc(5) the super k-maximal operator system 
on S. 

Properties of super k-maximal operator system structures on S: 

(1) When k = l, C7^-™'^^(5) = C;r"^(5) for all n G N. 

(2) For a fixed A: G N, (7™"^(5) C C^-'"'*^(5) for all n G N. 

(3) (7,^-™"^(5) C C^-'"«^(5) for some fixed fe, /i G N with k < h: 

(i) Let (uij) G C^-™'^^(5). If k = h, then C,^-™'*^(5) = C^-'"'^^(5). 

Suppose k<h. li {aij) G Z)^-™"^(5), then {aij) = ADA* for some A G Mn,mk and 
D = diag(Z)i,D2, • • • ,^m), where each A G Mfc(5)+ for all 1 < i < m, m G N. 
Write A = [Ai A2 • • • Am] , where each Ai G M„^fc, 1 < i < m. Transform the 
matrix A into: 



A=[AiO A2O ■■■ AmO]£ M, 



n,hki 



by adding [h — k) columns of after each block A^. Using the same trick, 
transform the block diagonal matrix D into a bigger block diagonal matrix 
D = diag(Di, D2, . . . , Dm), where each diagonal block Di is maximized by 
adding a (h — k) x (h — k) diagonal block of 0, i.e. 



Di 



D, 




\S). 



Then (a^) = ADA* = ADA* G Z)^-™'*^(5) and D^-™'*^(5) C Z),^-™"^(5). 
(fi) Let {aij) G C^-™"^(5). Then re„ + (oy) G Z)^-™'='^(5) for aU r > 0. Then by case 
(i), ren + {aij) G Z)^-™'^^(5) too. Therefore, {aij) G (7^-™"^(5) and C^-'""^(5) C 

(4) The identity map i : 0MAXfc(5) — )■ 0MAX/i(5) is completely positive, whenever k < h. 

Lemma 4.5. Let {W,W^ ,e) be an AOU space, and let {Pn}^^i be an operator system 
structure on W with Pi = W^. If p G W^ , {wij) G Mn{W) are such that r{p0 In) + {wij) G 
Pn for all r > 0, then {wij) G Pn- 

Proof. Let || • || be an order seminorm for this structure. If p = 0, then {wij) G Pn is obvious. 

Let / p G W~^ , and replace p by ^ G W^ . This implies ?"( iprT 'X' -^n) + {wij) G P„, too, 

for all r > 0. Since llTr^ll = 1 and e — ittt G W^ , then we have 

" IIpII " Ibll ' 

p p 

re„ + {wij) = r((e - ---) ® In) + r{jr-Y^ ® In) + {wij) G Pn, 
\\p\\ \\p\\ 

for all r > 0. Therefore, {wij) G Pn- D 

Theorem 4.6. Lei 5 be an operator system with unit e and {W, {Pn}^=i,&') be an (abstract) 
operator system. If <p '■ 0MAXfc(5) -^ W is a k-positive map for some fixed k £ N, then 
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(j) : 0MAXfc(5) -^W is completely positive. 

Moreover, if S = (5, {Cn}5^i,e) is another operator system on S with C^ = Mk[S)^ such 
that for every operator system W , any k-positive map ^ : 5 — )• VF is completely positive, 
then the identity map on S is a complete order isomorphism from S onto 0MAXfc(5). 

Proof, (i) Assume (j) : 0MAXfc(5) -^ W is a k-positive map which is equivalent to (p being 
k-positive on the operator system 5 as a subspace of B(T-l) for some fixed Hilbert space Ti, 
since C^-""'''{S) = Mi{S)+, l<i<k. Let (aij) G M„(0MAXfc(5))+ = C^-"''^^(5): 

(1) If (aij) G Z)f-™"^(cS), then (a^) = ADA* for some A G Mn,mk, and some 
D = diag(-Di, 1)2, • • • , D^) where A G Mfc(5)+ for aU 1 < i < m, m G N. 
Then, we have 

(j)("'\{aij)) = (f)^''\ADA*) = A^^"'''\D)A* 

= A diag(,/.('=)pi), ^'^''HD2), ..., cP^''Hd„,))A* G Mn{W)+, 

since each <j)^''\Di) G Mk{W)~^ because 4> : S ^ W k-positive. 

(2) If {aij) G C7^-™"^(5), then re„ + (oij) G L>^-™^(5) for all r > 0. It fohows that 

</.(") (re, + (a,,)) = r{In ® (pie)) + .^("^((a,,)) e M„(P^)+ for all r > 0. 

Therefore by Lemma 1131 we have (/>*^"^((ajj)) G Mri(H^)+. 
As a result, we conclude that (p '■ 0MAXfc(5) -^ W is completely positive. 

(a) Now, let S = {S , {Cn}'^=i, e) be another operator system on 5 with Ck = Mk{S)^ 
such that for every operator system W, any k-positive map ip : S ^- W is completely 
positive. One can easily verify that Cj = Mi{S) for all i = 1, 2, . . . , A;. Moreover, we know 
that C^-""'^'('5) = Mi{S)+ for ah i = 1, 2, . . . , /c. This shows that both the identity map 
z : 5 — )• 0MAXfc(5) and its inverse i~'^ : 0MAXfc(5) — )• S are k-positive maps. Then, by 
the assumption, i is completely positive, and by part (i), i~^ is completely positive. Since 
I is also unital, we have that S and 0MAXfc(5) are completely order isomorphic. D 

Corollary 4.7. Let S be an operator system with unit e, and {W,{Pn}'^^i:e') he an (ab- 
stract) operator system. Then cp : S ^ W is k-positive if and only if (p : 0MAXfc(5) — )■ W 
is completely positive. 

The following result gives an alternative way to describe the super k-maximal operator 
system structure C'^~™"^(5): 

Proposition 4.8. Let S be an operator system with unit e and fix k € 'N. Then (oij) G 
C^~™"^(5) if and only if {(p{aij)) G M„(i3(?^))+ for all unital k-positive maps <p : S ^ B{'H) 
and for all Hilbert spaces % . 

Proof. Suppose (p : S ^ B(T-L) is a k-positive map, where % is an arbitrary Hilbert space. 
Then (p : OMAXfc(y) — t- B[T-L) is completely positive by Theorem 14.61 For each n G N set 

P^{S) = {{aij) G Mn{S) : (</.(a,,)) G Mn{B{n))+ for all 

(/> : 5 — 7- B{T-L) unital k-positive ,^ Hilbert space }. 
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It is clear that C^-""'^'('5) ^ PniS) for all n. On the other hand, using Theorem ElSl 
given the abstract operator system 0MAXfc(5), there exists a Hilbert space ?^0) a concrete 
operator system Sq C B{Hq) and a complete order isomorphism (J)q : 0MAXfc(5) — )• 5o ^ 
B{T-Lq) with 0o(e) = /-^q. Then by Corollary 14.71 we have (/)o : 5 — )• B{Hq) is miital k- 
positive. Let (oy) G P^(5). Then ((/'o(aij)) G M„(5o)+ C M„(B(?^o))+- It follows that 
(oij) G i?i)Q" (M„(5o)^) ^ C^~™'°^(5) since (/>o is a complete order isomorphism. Hence, 
Pn{S) Q C^-'"'*^(5) for ah n. As a result, 

Ct"'--{S) = {{aij) G Af„(5) : (./.(a,,)) G Mn{B{n))+ for all 

(/) : 5 — )• -B(?^) unital k-positive, T-L Hilbert space}. 

D 

Proposition 4.9. Let S be an operator system with unit e and /ix A; G N. Then for a £ S, 
we have that 

||a||oMAXfc(5) = sup{||99(a)||| 99 : 5 — > B{T^) unital k-positive}, 
where the supremum is taken over all Hilbert spaces and over all unital k-positive maps (p. 

Proof. Suppose that (/? : 5 — )• B['H) is a unital k-positive map. By Theorem 14.61 (p : 
0MAXfc(5) — )• B(T-L) is completely positive and hence it is completely contractive. It 
follows that (f is contractive and hence 

\\v{a)\\ < ||a||oMAXfc(5), for all aeS. 
On the other hand, if ip : 0MAXfc(5) — t- B(T-i) is a unital complete isometry, then cp is 
completely positive and ||a||oMAXfc(5) = ll¥'(^)ll) ^^r all a £ S. Therefore, we conclude that 



l«lloMAXfe(5) = sup{ 1199(a) II I 99 : 5 -> B(n) unital k-positive }. 



D 



Proposition 4.10. Let S be an operator system and let /c G N. Then the identity map 
id from S to 0MAXfc(5) is completely bounded with ||id||c5 = K if and only if for every 
operator system T , every unital k-positive map (j) : S ^ T is completely bounded and the 
supremum of the completely bounded norms of all such maps is K. 

Proof. Refer to [10, Proposition 5.4]. D 

Proposition 4.11. Let S be an operator system with unit e. Then the identity map from 
0MAXfc(5) to MAX(5fc_mm) is completely bounded if and only if for every Hilbert space 
H, every bounded map 4> : Sk-min -^ P^) decomposes as 

<P= {(f>l- 4>2) + i{4>3 - 04), 

where each (pj : S ^ P{^) i^ k-positive. 

Proof. Assume that the decompositions of all such bounded maps holds, and suppose 
that MAX(5fc_mm) ^ P{^) completely isometrically for some Hilbert space %. Let 
4) : Sk-min -^ MAX(5A;_mm) be the identity map and let (pj, j = 1,2,3,4 be a k-positive 
map on 5 such that cp = {(pi — (P2) + i{(p3 — (p4:)- Since each cpj is k-positive, then pj : 
0MAXfc(5) —7- B{T-L) is completely positive, and hence completely bounded for j = 1, 2, 3, 4. 
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Hence (f) : 0MAXfc(5) -^ B{H) is completely bounded, too. 

Conversely, if the identity map from 0MAXfc(5) to MAX(5fc_mm) is completely bounded 
and (j) : Sk-min — ^ B{T-L) is bounded, then (/> : MAX(5fc_mm) — ^ B{'H) is completely bounded 
and hence : 0MAXfc(5) — )• B{H) is completely bounded. Applying Wittstock's decompo- 
sition theorem, we have that (p = (</>i — 02)+^(03 — f/'4), where each cj)j : 0MAXfc(5) — )• B(T-L) 
is completely positive, and therefore k-positive on 5. D 

5. The Matricial State Spaces of c''-"^"'' (S) and c''-™™(cS) 

A matricial order on a *-vector space induces a natural matrix order on its dual space. 
There is a correspondence between the various operator system structures that an AOU 
space can be endowed with and the corresponding matricial state spaces. Unfortunately, 
duals of AOU spaces are not in general AOU spaces, but they are normed *-vector spaces. 
As was shown in [16], the order norm on the self-adjoint part V^a of an AOU space (V, V~^, e) 
has many possible extensions to a norm on V, but all these norms are equivalent and hence 
the set of continuous linear functionals on V with respect to any of these norms coincides 
with the same space which we shall denote by V' and call the dual space of V. For a 
functional f G V' we let /* € V be the functional given by f*{v) = f{v*); the mapping 
f ^ f* turns V into a *-vector space. 

Given an AOU space (y,V^,e) and its dual V , then let Mn^miV) denote the set of 
all n X 771 matrices with entries in V' , n,m £ N. Then Mn^m{y') together with natural addi- 
tion and scalar multiplication is a complex vector space, which can be linearly identified as 
^n,m{y) — Mn^m V = V (i^ Mn^m by using the canonical matrix unit system {-E'jj}"'"!-^ 
of Mn^m- The direct sum and the matrix product operations that link these matrix linear 
spaces are defined in the same way as described in Section [2l 

Let / : Mn,miV) — )• C be a hnear map on the complex vector space Mn,m{V)- We define 
fij : V ^ C hy fij{a) = f{Eij ® a), a e V. Then for any v = [vij] G Mn^miV), we have 
/(^) = Si 7 /«i(%)- We denote the vector space of such linear maps by C{Mn^m{V) , C) . 
Given X = (xki) G Mp^n and Y = (i/ji) G Mm,q, we define Xf : Mp^rn{V) — ^ C and 
/y : M„,,(y) ^ C by 

(n \ p,m / m ^ n,g 

^ Xkihj ) and /y = ( ^ UjVji ) , respectively. 

Lemma 5.1. Let (U, y^,e) he an AOU space and f : M„^m(y) — )■ C 6e a linear map, 
n,m G N. If X e Mp^n and Y G Mm,q, p, g G N, then Xf : Mp^rniV) -^ C and fY : 
^n,q{y) — ^ C are linear and 

{Xf){v) = fiX'v) and ifY)iw) = f{wY'), 

where v G Mp^miV) and w G Mn^g{V). 

Proof. Let / = (fij) : Mn,m{V) — )• C be a linear map and let X = (x^j) G Mp^n and 
Y = iVji) £ Mm^q be two arbitrary scalar matrices. It is trivial that both Xf and fY 
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are linear functions on Mp^miV) and Mn^qiV), respectively. Let v = (vkj) G Mp^miV) and 
w = (wii) £ Mn,q{V). Then we have 

p,m p,m n 

{Xf){v) = J^(X/),,(^fc,)= ^(^Xfc,^-)K-) 

k,j=l k,j=l i=l 

p,m n n,m p 

= ^ ^XkifijiVkj) = ^^C^fijiXkiVkj)) 
k,j=l 4=1 «J=1 k=l 

n,Tn p n,m 

ij=l k=l i,j=l 



and 



n,q n,q m 

{fY){w) = Y.^fY)a{wa)=Y.{Y,{kyji){wu) 

i,l=l 1,1=1 j=l 

n,q m n,m q 

i,l=l j=l i,j=^ 1=1 

n,m q n,m 

= E MY. ^^^m) = Y Mi^Y'h) = /(^^*) 

ij=l 1=1 i,j=l 



D 



Let (y, V~^, e) be an AOU space and let / = (fij) : Mn^miV) — )• C be a linear map. There 
exists a linear map from the vector space of linear maps from Mn^miY)-, ^{Mn,m{y)-:'C), into 
the vector space of linear maps from V into Mn,m, denoted by C{V,Mn,m), and vice versa. 
Hence, given / G C{Mn,miV), C), we associate to / a linear map </>/ = (fij) : V — )■ Mn,m by 
the following formula: 

(l)f{a) = (fij {a)) G M„,„, a £ V. 

On the other hand, given (j) = {4>ij) G C{V, Mn,m), we associate to cp a linear map f,f, = 
{(pij) : Mn,m(y) — )■ C by the following formula: 

n,m 

/</-("") = Y '^«i(%') e C, U = {Vij) G Mn,m{V). 
«J=1 

Based on this correspondence between these vector spaces of linear maps, if / = (fij) G 
£(M„^m(y),C) with each fij G V, then (j)f = (fij) can be regarded as sitting inside 
Mn,miV)- Conversely, we identify (j) = {(j)ij) G Mn,m(y) with the linear map /^ : 
Mn,miV) -^ C defined as above. 

Let (j) = {(pij) : V — >• Mn,m be a linear map with (pij G V . Given A G Mn^p and 
B G Mm,q, P, g G N, then A*(t>B G Mp^q{V') since both Mn,m{V') and Mp^q{V') are complex 
vector spaces and matrix product is a well-defined operation on them (see Section [2]). 
Write A = [ai 02 • • • Op] and B = [bi 62 • • • ^g] where a^ G C" and bi G C"\ 1 < 
k < p, I < I < q. Then we can write A*(/)i? = {al(j)bi) G Mp^g(y), where each a^(/)6; G F'. 
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We identify A*(pB £ Mp^q{V') with the hnear map Fa*(j)B = (cLk'pbi) '■ Mp^g{V) — )■ C given by 

p,q p,q 



FA^Mi^ki)) = Y. (^*^^) 



k,l=l 



kl{vkl) = ^ {al(j)hi){vki), (vki) G Mp^g{V). 
k,l=l 



When p = q = l,we have ^ G C", 5 G C™ and A*(pB G V . Moreover, F^.^b : F ^ C is 
given by A*(pB itself. One can straightforwardly show that 

FA*^B{a) = {A*^B){a) = A*^{a)B, for all a G V. 

The next lemma shows how to evaluate such maps when p ^ 1, q ^ 1. Before showing 
this result, we will discuss the matrix- vector correspondence and introduce a new notation 
which we will be using widely in the next results. 

The Matrix — Vector Correspondence 



Let X G Mn,m be a matrix, n, m G N. Write X in terms of its columns X = [xi X2 

Xl 



Xri 



with Xj G C", I < j <m. We set vec{X) 



X2 



G 



(g) C" and can vec(X) 



the vectorization of the matrix X. One can think of this process as a linear map 

vec : Mn,m -> C™" (g) C" given by vec{Eij) = Cj (g) Cj, 
where {cj}"^^ C C" and {cj}^^ C C™ are the canonical orthonormal bases. 

Lemma 5.2. Let {V, V'^ , e) be an AOU space and V' be its dual. If (f> = {(pij) G M„^m(F'), 
A G Mn,p and B G M^^q are given, n, m,p,q G N, then the linear map Fa*4,b '■ Mp,q{y) -^ C 
is given by 

Fa*4,b{v) = vec(A)*(/>(P'^)(i;)vec(S), for all v G Mp,,(y). 

Proof Let (f) = {(pij) G Mn,miV), A = [ai a2 ■■■ flp] G Mn,p and B = [bi 62 • • • bg] 
where a^ G C" and bi G C™, 1 < fc < p, 1 < Z < g, be given. Then A*(pB G Mp^g(F') and 
Fa*4>b G £(Mp,g(y), C). Let v = (vki) G Mp,g(F), then we have 



p,<i 



PA 



Fa*4,b{v) 



E(^^ 



kliVkl) 



Y{al(j)bi){vki) 



kl=l 



PA 



kl=l 



^ al(t){vki)bi = [a\ a*2 

k,l=l 



<] (H^ki)) 



vec 



{A)*(f>^P'i\v)veciB). 



D 
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Definition 5.3. Given an operator system structure {Pn}'^=i on an A OU space {y,V^,e), 
then the dual of eacli cone P„ is given by 

P^ = {f: Mn{V) ^ C| / linear and /(P„) C M+}. 

Given f G P^, we define fij : V ^ C by fij{v) = f{v (8> E-ij), where Eij 's are the canonical 
matrix units for Mn- 

Given an operator system structure {P„},^]^ on an AOU space {V,V~^,e) and / G P^, 
then the functionals fij belong to V' , as was shown in [10]. Identifying each / G P„ with 
{fij) G Mn(y'), we shall regard P^ as sitting inside MniV). 

The dual cones of a given operator system structure {Pn}^=i on an AOU space {V, V~^, e) 
form a matrix ordering on the dual normed space V. Moreover, given a matrix ordering 
{Qn}'^=i on V', one can construct an operator system structure on V as the following result 
shows: 

Theorem 5.4. [101 Theorem 4.3] Let {P„}J^^ be an operator system structure on the AOU 
space {V,V~^,e). Then {P^}'^^i is a matrix ordering on the ordered *-vector space V with 
Pf = {V~^) . Gonversely, if {Qn}'^=i is any matrix ordering on the *-vector space V' with 
Qi = {V^Y "^'^ '"^6 set 

''Qn = {ve Mn{V) : f{v) > for all f G Q„}, 

then { Qn}^=i is an operator system structure on {V,V^,e). 

Note that the weak*-topology on V' endows MniV') with a topology which coincides with 
the weak*-topology that comes from the identification of Mn{V') with the dual of Mn{V). 
Thus, we shall refer to this topology, unambiguously, as the weak*-topology on MniV'). 
The mappings P„ — )• P„ and Qn — )• Qn establish a one-to-one inclusion-reversing corre- 
spondence between operator system structures {Pn}^=i on {V, V~^, e) and matrix orderings 
{Qn}'^=i on V with Qi = {V~^Y for which each Qn is weak*-closed (see [10] for more 
details.) 

Let S be an operator system with unit e. The natural operator system structure of S 
induces a natural matrix order on its dual space S' , which makes S' an operator system 
too. The dual cones on S' can be described as follows: 

M„(5')+ = {Mn{S)+Y = {/ : Mn{S) ^ C | / positive linear functional }, 

for all n G N. Moreover, one can verify that M„(5')^ = CP{S, Mn) for all n. 

Knowing the matricial state space of a given operator system S, we would like to find the 

corresponding matricial state spaces of the k-minimal and the k-maximal operator systems. 



Definition 5.5. Let S be a given operator system with unit e. For a fixed fc G N, set 

G = diag{(j)i, ... , (j)„i) with (pi G CP{S, Mk),m G N 



Q^™"(5') = {Fx*GX : Mn{S) ^ C I X G M„ 
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,(k). 



Q^— (50 = {(/.,) G M4S') : /^^(g) G M+ , /or all a G Mfc(5)+ }. 



Proposition 5.6. Let S be an operator system with unit e. Then {Q^ ™'*"(5')}^i and 
|gfc-max(5/)|oo^^ ^^g ^^^^^^ ordenn^s on 5' with QJ-™*"(5') = (5+)'^ and QJ-™"^(5') = 
(5+)'^. 

Proof. One can straightforwardly check that both these famihes of cones are matrix order- 
ings on S'. Here, we wih just show Q^-™"(5') = {S+f and Q^-™'^^(5') = {S+f. 



(1) Q^-™"(5') = (5+)'^: 

Let Fx*GX G Qt"™"(5') C 5' with X 



Xi 



G C""" where Xj G C, and 



G = diae 



>!,••• ,(Pm, 



with 0i G CP{S,Mk). Let a G 5+, then 

Y,x*<P^x^{a) = Y, 
1=1 ^ 1=1 



This imphes that Fx-gx G {S+f, i.e. QJ^™"(5') C (5+)'^. 
Conversely, let / G [S'^Y- Then the map 

7 



x*{(l)i{a))xi > 0. 
>o 



(t> = h®f 



f 











/ 



S^M, 



is a well-defined completely positive linear map on S. 
"l1 



Let a 







k—rain/ qI\ 



, then / = a>a G Q^-™"(5'). Hence, (5+)'^ C Q^-™"(5 



As a result, Qf-™"(5') = {S+f. 

(2) ^^-^"^^(5') = (5+)'=': 

Let / G Q^-™'"^(5') C S'. Then, by the definition of Q^-™"^(5'), we have /^''Ha) > for 

aU a G Mfc(5)+. Let a = s O -En G Mfc(5)+ with s G 5+. Then 

/(^•)(a) = j(s) ^^^ > implies /(s) > for all s G 5+. 

Therefore, / G {S+f. Hence, QJ-™'^^(5') C (5+)'^. 

Conversely, let / G {S'^f. Then / : 5 ^ C is completely positive. It foUows f^^\Mk{S)+) C 

M+, i.e. / G Q5^-""^(5') and (5+)'^ C Q^-™'^^(5'). As a result, Q^-™"^(5') = (5+)'^. D 

Theorem 5.7. Lei 5 6e an operator system with unit e. Then '^(5^~™*"(5') = C^~™*"(5) 
and (C,^-™'*^(5))'=' = Q^-™"^(5'). 
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Proof. We will show that { Q^ '"*"(5')}^]^ is the super k-minimal operator system struc- 
ture on S, and {Qn^^^ i'^')}^=i is the dual of the super k-maximal operator system struc- 
ture on S. 



(1) '^Q^-"""(5') = C^-™™(5): 

Let a = {aij) G (7^-™"(5) and Fx^gx G Q^-™"(5'), where X 



Xi 
X2 



G Mmk,n with 



each Xi G Mk^n, 1 < i < m, and G = diag((/)i, . . . , (pm) with (/>j G CP{S, M^)- 

One can easily check that X*GX = Yl^i ^i4>i^i a-nd Fx*gx = Xll^i Px*<j)iXi- Then 

m 

-^x-Gx(a) = ^Fx*4,^xM) 

i=l 
m 

= J]vec(Xi)>f^(a)vec(Xi) > 0, 



i=l 



since ^"^(a) > for all i. This implies a £ "^Q^ ™"(5') and C^-™"(5) C -^Q^ ™"(5'). 



Conversely, let a = (0^^) G '='Q^-™"(5) and let G 5fc(5). Let A 



Aj G C , for all 1 < i < n. Then, we have 



Ai 

An 



G C"^ with 



'V) 



A>W(a)A = j;A*0(a,,)A,= J](A*<^A,)(c 

= Fx*4>x{a) > 0, 

where X = [Ai A2 • • • A„] G Mfc,„, X*(f>X G M„(5') and F^-^x G Q^-"'^"(5'). This 
implies (j)^"''{a) > for all unital k-positive maps (j) on 5, i.e. a = (aij) G C^~'""'(5) and 
'='Q^~™™(5') C C,^-™™(5). Hence, we conclude that '^Q^~™"(5') = C^-'"^"(5). 



(2) (C^-'"'*^(5))'^ = Q^-™'^^(5'): 

Let F = (/ij) G Q^-'"'='^(5') and let A*L»A G D'^-'^"'' (S) . Write A 



A2 



G M 



mk,n 



where each Ai = [C[ C2 ■ ■ ■ C^] G Mfc^„ with Cj being the i*^ column of Ai for all 
1 < I < m, 1 < i < n, and D = diag(Di, D2, ■ ■ ■ , Dm) with D/ G Mk{S)^ . Then, we have 

m m 

F{A*DA) = Y.F{AtDiAi) = Y,F{[{ClrDi{&^)]) 



1=1 



1=1 
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E E MiciTDiic])) = E E (c'y /i^^(^') (Cp 

1=1 i,j=l 1=1 i,j=l 

m 






f^^>{Di) vec(A)>0. 

aij) G C^-'""^(5) such that rCn + aG 



>o 

Now, let a 



This shows that F(D^^-'""^'(5)) ^ 1 
Dk-max^^^ for all r > 0. Then 

rF{en) + F{a) = F(re„ + a) > 0, for all r > 0. 
Therefore, F{a) > and F(C^-"^"^(5)) C M+. As a result, F G (C^-'^"^(5))'^ and 



Conversely, let F = (fij) G (C7^-"^"^(5))°', a G Mfc(5)+ and A 
Aj G C , 1 < i < n. Then, we have 



Ai 

A2 



G C" with each 



A* 



itV) 



A 



E 



> 



= F([A*aAj]) = F(X*aX) > 0, 

where X = [Ai As ••• A„] G Mk,n and XaX* G C^-'""^X'5). Therefore [/•J'V) 

for all a G Mfc(5)+, i.e. F = (fij) G Q^-"'^^(y') and (C7^-"^"^(y))'^ C Q^-'"'^^(5'). It 
follows that {C'^-""'^{S)Y = g^-"^''^(5'). D 

Remark 5.8. Although the positive cone Q'^^^^{S') is not weak* -closed, Theorem \5.1 
shows that (C^-™"(5))'^ is the weak* -closure of Q^-"''''{S'). 

Also, note that the cone Q^^°'^{S') is weak* -closed(easy to show) and {'^Q^^"-^{S')} is 
an operator system structure on S. This implies that (°'(5^~™'"^(5'))^ = Q'^™'"'^ {S') . 

6. The k-Partially Entanglement Breaking Maps 

In Quantum Information Theory, there is a great interest in quantum entanglement the- 
ory [121 E] and the objects that support this theory like entangled states, separable states, 
and "entanglement breaking" maps. There is a well-known duality between the class of 
entanglement breaking maps and separable states defined on tensor composite systems. 
Based on this theory, a lot of work has been done to generalize the well-known class of 
entanglement breaking maps, and introducing the classes of "partially entanglement break- 
ing" maps [141I15J. which are related to "partially separable states". In this section, we will 
review these generalized concepts, and relate them to our construction of super minimal 
and super maximal operator system structures. 

Let Mn be the full algebra of n x n matrices, n G N. It is clear that M^ is, in fact, an 
AOU space. Moreover, M„ is an operator system arising from the identification of M^ with 
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i?(C"). For some fc G N, let OMINfc(M„) be the super k-minimal operator system structure 
on Mn and OMAXjfc(Af„) be the super k-maximal operator system structure on M„. Then, 
we have 

M™(OMAXfc(M„))+ C Mm{Mn)+ C M„(OMINfc(M„))+, for all m € N. 

Note that OMINfc(M„) is just the operator system M„ = S(C") for all k>n. The cone of 
positive elements of M„ for any of these operator system structures coincides with the set 
of all positive definite matrices in Mn- 

Let s : M„ (8) M^ — )• C be a (quantum) state defined on the composite system M„ <^ M^, 
n,m gN. Then s is called separable if it is a convex combination of tensor states 



rjSj 09 ti 



where Si : Mn — ?• C and ti : Mm — )• C are states on the component systems, and rj > with 
Y2i Ti = ^- States that are not separable are said to be entangled. 

A state s : Mn (8> Mm -^ C can be represented by a positive semi-definite self-adjoint 
matrix operator of trace one, called a density matrix. One commonly denotes density 
matrices with lowercase Greek letters such as p, ^, a. The density matrix of a quantum 
state s : Mn Mm — >■ C is in fact the Choi matrix of the linear functional s, defined 
by ps = {s{Eij (g) Ef^i)), where {Eij}"^-^ and {-E'fc«}fc*z=i ^^^ the canonical matrix units 
for Mn and Mm, respectively. This association of s with its Choi matrix ps is an isomor- 
phism known as Choi-Jamiolkowski isomorphism |20U21j . Being a positive-definite matrix, 
the density matrix ps can be written as a sum of rank one positive semi-definite matrices 
Ps = Ef=i UiU^, where C/, G C" «> C'". 

We will classify quantum states according to their level of entanglement or separability. 
To measure the level of entanglement or separability in quantum states, we need to know 
the Schmidt number of the density matrix for the given state. 

The Schmidt Number of a Density Matrix 

Theorem 6.1. [61 Schmidt Decomposition Theorem] Let Mn and Mm be Hilhert spaces of 
dimensions n and m respectively. For any vector U in the tensor product Mn ^ Mm, there 
exist orthonormal sets {ui, U2, . . . , u^} ^ Mn and {^i, '^2, . . . , v^} ^ Mm for k = min(n, m), 
such that 

k 
V = y^caUi <SD Vi, for some nonnegative real numbers Oi > 0. (•) 

j=i 

The Schmidt Decomposition Theorem is a basic tool in quantum information theory. It is 
essentially the restatement of the Singular Value Decomposition in disguise. The standard 
proof of this theorem works by noticing that there is a linear isomorphism between C^CS'C™' 
and Mn^m given by associating a vector Ue®Ve S C^CSiC"^ with the matrix Uev'^ G Mn.m and 
extending linearly. We will denote the matrix associated to the vector U by A^- Applying 
the Singular Value Decomposition to A^ gives the Schmidt Decomposition of U. 



26 B. XHABLI 



In the Schmidt Decomposition (I6.ip of U, the least number of terms required in the sum- 
mation (-k) is known as the Schmidt rank of U. One can reahze that, the Schmidt rank 
of U is equal to the number of non-zero singular values of the matrix Au associated to U, 
i.e. the rank of A^. In a similar way, the nonnegative real constants ae's are exactly the 
singular values of A^, and they are often called the Schmidt coefficients. 

Furthermore, since each UeV^ G Mn^m has rank 1, we see that even if we remove the 
requirement that the sets above be orthonormal, it is impossible to write U as the sum of 
fewer elementary tensors. To summarize, any vector U G C" ® C"^ can be written as 

k 
e=l 

for some sets of vectors {ui, n2, . . . , u^} ^ C" and {1^1,^2, • ■ ■ , v^} ^ C" for k < min(n, m). 
And any rank one positive semi-definite matrix UU* can therefore be written as 

UU* = ^K ® Ve) ^{Uf <S) VfY = Y^ {UeU*f C^ VeV}). 
e=l /=1 e,/=l 

In other words, given a vector U of Schmidt rank at most k, we have 

^ e,f=l ^ 

Let s : Mn CE) M„ — )• C be a quantum state and let ps be its density matrix. If the density 
matrix ps of the given state s : M„ ig) M^ — )• C is a finite sum of rank one positive semi- 
definite matrices UU* with U G C" (8" C" of Schmidt rank at most k with k < min(n, m), 
then the least such number k is called the Schmidt number [22j of ps- 

The Schmidt number of a density matrix tells us the "level of entanglement or separabil- 
ity" of the state. A state s : Mn (8) M^ — )• C is called maximally entangled if the Schmidt 
number of its density matrix is min(n, m). Also, note that separable states are represented 
by density matrices of the form p = Ylj^i ® '^ji where each Uj = X^e'"e(^'e)* > 0, Tj = 
'^ f v''r{v-'p)* > 0. These are exactly the density matrices, whose Schmidt numbers are equal 
to 1. 

A state s : Mn Mm — )• C is called k-separable [5l [22] if the Schmidt number of its 
density matrix ps is at most k with k < min(n, m). The quantum channels that carry any 
quantum states into k-separable states, are called k-partially entanglement breaking 
channels. 

A nonzero positive linear functional / : M„ (8) Mm — )• C is called k-separable if and only 
/ 

if — is a k-separable state. If s : Mn (8 Mm — )• C is a positive linear functional, 

f{In 8) Im) 

then s o (/)("■) : Mn 8) Mp — )• C is positive linear functional. If s is a state and (j) is unital, 
then s o (/;(") is a state. 
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Definition 6.2. A linear map (/) : Mp — )■ Mm is called k-partially entanglement break- 
ing (k-PEB), if socj)^"-' : Mn®Mp -^ C is a k-separable state for every state s : Mn^Mm — )■ 
C, for all n G N. 

In this section, we relate k-partially entanglement breaking maps to the k-minimal and 
the k-maximal operator system structures studied in the previous section. We begin with 
a characterization of k-separable states. 

Proposition 6.3. Let f : Mn (X" M^ -^ C be a positive linear functional. Then f is 
k-separable if and only if f : M„(OMINfc(Mm)) — )■ C is positive. 

Proof. Given a positive linear functional / : M„ (X" Mm — > C with /(/« <^ Im) 7^ 0, then 

/ 
-— : Mn ® Mm — > C becomes a state. Hence, we may assume / is a k-separable 

state, k < min(n, m). Assume that the density matrix of f is 

k 
p/ = ^ UeU*f ®VeV*f, 
e,/=l 

for some {iti,it2, ■ • • -.Uk} ^ C" and {1^1,^25 • • • , v^} ^ C™. 
Define 0e/ : Mm — )■ C by 

4>ef{x) = v*{x)vf, for all X £ Mm- 

It is obvious that (pef is a well defined linear map on Mm- Note that the "density matrix" 
for each (pef is 

Pef = [(/'e/(^fe«)]™«=l = VeV*f- 

Now, look at (j) = [(pef] '- Mm — > Mk given by 

(pix) = [(pefix)] = [V*ix)vf] 
V 



X 



[vi ■■■ Vk] 



=AeM„ 



A*xA. 



Then, one can easily verify that (;^ is a completely positive map on Mm- Hence, we can 
write each function / as 

k 
/ = ^ UeU*f (g) (pef = [ui ■■■ Uk] (, 
ej=l 

This shows that / G Q^-™"(M^), i.e. / G (C^-™"(M^))'^. 

So, / is positive on M„(OMINfc(M„)). 

Conversely assume / : M„(OMINfc(M„)) ^ C is positive , i.e. / G (C^-™"(M„))'^ = 

g*l~™"(M„)"' . Without loss of generality let / = A(/)A* G ^Q^-™™(M„), where A = 
[ui U2 ■ ■ ■ Uk\ G Mn^k and (p = [(pef] '■ Mm — ?■ Mk is completely positive. Then / = 
Se f=i'^eU*r (pef- Since (p is completely positive, then (p{x) = Yli=i'^l^^ii ^'^'^ some 
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Kraus operators {Ai} C Mm,k- Writing each Ai = [v\ v\ ■ ■ ■ v\\ , where each v\ S 



then one can see that 4>ef{x) = X]i=i(^e)*2^('^f)i ^-^d its density matrix p^^^ = Yli-^ ^i(^ 



Hence, the density matrix for the function / will be 

/ k 
i=l e,/=l 

This shows that f is a k-separable map. 

In general, any positive linear functional / G (C„ ™'*"(Mm)) (which becomes a state 
by dividing by its norm) is a weak*-limit of k-separable states. Such a limit exists, be- 
cause k-separable states are the convex hull of a compact set, which is a compact set by 
Caratheodory's theorem. D 

We now turn our attention to a duality result. Recall that the dual of a matrix ordered 
space is again a matrix ordered space. Let 5i^j : M„ — t- C be the linear functional satisfying 

X (E \^{^ ^hen (i,j) = {k,l) 
'''^ '" \0 when{i,j)^ik,l) 

and let 7„ : M„ — )• M^ be the linear isomorphism defined by jniEij) = 6ij. The next 
result is certainly in some sense known, but the formal statement will be useful for us in 
the sequel. 

Theorem 6.4. |10^ Theorem 6.2] The map 7„ : M„ — t- M^ is a complete order isomorphism 
of matrix ordered spaces. Consequently, {M'^,{M!^)~^ ,tr) is an AOU space that is order 
isomorphic to {Mn,M^,In), where In denotes the identity matrix. 

Proposition 6.5. The complete order isomorphism 7„ : M„ — t- M^ gives rise to the identifi- 
cations OMINfc(M„)' = OMAXfc(M;) = OMAXfc(M„) an(iOMAXfc(M„)' = OMINfc(M;^) = 
OMINfe(M„). 

Proof. Let S = M^, then one can observe that Q^^^^{Mn) = D^^°'^{S) by definitions 
of each cone. The unit ball of L'^~™"^(5) is compact, therefore D^"^°'^{S) is closed by 
the Krein-Shmulian Theorem. Hence, D^~™"^(5) = C^~™"^(5). Thus, we have that 

Mm(OMINfc(M„)')+ = M„(0MAXfc(M4))+, and so the identity map on M'^ yields a com- 
plete order isometry between the matrix ordered space OMINfc(M„)' and the operator sys- 
tem OMAXfc(M/^). Finally, the complete order isomorphism 7„ allows for the identification, 
OMAXfc(M;,) = OMAXfc(M„). The proof of the rest of the statement is similar. D 

Theorem 6.6. Let (p : Mp — )• Mm be a linear map. Then (p is a k-partially entanglement 
breaking map if and only if (p : OMINfc(Mp) — t- Mm is completely positive. 

Proof. Assume (p : OMINfc(Mp) -^ M^ is completely positive. Then (p' : M^ -^ OMINfc(Mp)' 
is completely positive too. If / = (/jj) G Mn{Mm)^ is any state on M„ Mm, then 
W{fij)\ £ Af„(OMINfc(Mp)')+. By Proposition 16.31 these are exactly the k-separable states 
on Mn Mp, i.e. 

/ o </,(") = [(P'ifij)] = [/,j o 0] : M„ C3 Mp ^ C 
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is k-separable, for all states / : Mn0Mm — > C. This implies (/> is a k-PEB map. Conversely, 
assume (j) is k-PEB. Then, for any / = (fij) G Mn{M!^)^ , we have / o (j)^-^> is k-separable, 
i.e. /o0W = [(l)'{fij)] £ M„(OMINfc(Mp)')+, which implies that (p' : M^^ ^ OMINfc(Mp)' is 
completely positive. As a result, we have (j) '■ OMIN^ (Mp) — )■ Mm is completely positive. D 



Note: Let U 



Uk 



ELi ej ® Uj eC''® C™, where Uj G C™, 1 < j < k. Then [/ 



can 



be viewed as the m x k matrix M„ = [ui n2 • • • Uk\ G Mm,k- If A G C , then we have 

{X*(S)Im){UU*){X(E)Im) = M^{XX*)M:. 

Proposition 6.7. Let (j) : Mp — )• Mm be a linear map. Then (j) : Mp — )■ OMAXj.(Mm) is 
completely positive if and only if there exist completely positive maps ipi : Mp — )• M^ and 
matrices Mi G Mm,k, I = l,...,q such that (piX) = Xl^i Mii)i{X)MI . 

Proof. We have that 4> : Mp — )■ OMAXk{Mm) is completely positive if and only if {(j){Eij)) G 

Mp(OMAXfc(M„0)+ = C^-™"^(M„) = D^-™"^(M„0, since the set D^-™"^(M„) is closed. 

Thus, there exists an integer g, ^i, . . . , Ag G M^^p., positive matrices Di, . . . , Dg G Mk{Mm)~^ , 

such that 

q 

{(piEij)) = ^(Af Im)DiiAi /„). 

1=1 

Write Ai = [Xi^i A2,/ ••• ^p,i], where Xi^i G C^ for all i = I,..., p. Then, we have 

HEi,) = ELi(^M ® Im)Di{X,,i ® Im). Since A G Mk{Mm)^ , then A = Et=i Ur,iU;^i, 

where Ur^i G C C" for all 1 < r < t. Without loss of generalization, assume Di = UiU^ , 



where Ui 



ui,i 

U2,l 
Ukl 



, each Ue^i G C™, for all 1 < e < fc. This implies 



<P{E,j) = Y,iK,l ® Irn)Dl{Xj,l ®Im) = Y^ Ml [{\l){\lY] Mf , 
1=1 1=1 

where Mi = [ui^i U2,i • • • u^^i] G Mm,k is the corresponding matrix for Ui. If we define 
completely positive maps ipi : Mp — )■ M^ by 

p 
MX) = Yl iXi,i)x,jChi)* = ^iXAl 

then we have that (f)[Eij) = Ylf^i Miipi{Eij)M^ , for all 1 < i,j < p, and hence (p{X) = 
ELi MiMX)Ml for every X G Mp. 

Conversely, given any completely positive map -0 : Mp — )■ M^, then ip can be written 
as i^iX) = {A)X{AY = Er,i=i(Ai)xi,(A,)*, where A = [Xi X2 ••• Xp] G Mk,p with 
Ai G C^ Thus, if 0(X) = iZU^MiMX)M^, where Mi = [m^i U2,i ■■■ Uk,i] G Mm,k 
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with Ue,i S C™" for all 1 < e < A;, and ipi : A-Ip — )• M^ completely positive, then by 
increasing the number of terms in the sum we may assume that each ipi has the form 

MX) = {Ai)X{Ai)* = T.lJ=l{hl)x^J{\l)\ and hence 

1 q 



'■mji 
1=1 1=1 



where D, 



U2J 



Ki ^h ■■■ <^ =UiUleMk{Mr, 



1 f A* ^y\ T \7~)/'/l ,o^7' \ ^ Tik—max I 



Thus {4>{Eij)) = Y.t=M*i ® Im)Di{Ai ® Ira) S D;~"'*^(M^), and it follows that (j) : Mp ^ 
OMAXfe(Mm) is completely positive. 

D 

Corollary 6.8. If (p : Mp — t- OMAXfc(Mm) is completely positive, then (j) is a k-partially 
entanglement breaking map. 

Proof. By Proposition [621 there exist completely positive maps ipi : Mp — )■ M^ and matrices 
Ml £ Mm,k, I < I < q, such that (p{X) = Ya^^MiMX)MI. Given any n e N and any 
positive linear functional / : M^'^Mm — )• C, we have focj)^"^' : Mn^Mp — )• C is k-separable if 
and only if fo(py"-' : M„(OMINfc(Mp)) — t- C is a positive linear functional by Proposition l6.31 
Let (Xij) e C^-™"(Mp), then we have 

q 
^^''\iXij)) = (cPiXij)) = Y.{MMX,j)Mn 

1=1 
q 
= ^(/„ Mi)i;^^\{X,,)){In ^ M;) > 0, 
1=1 

since V("H(^ii)) > for ah (X^j) G C7^-™"(Mp). Thus, (/ o ,^W)((X,j)) = fii^Xij))) > 
since / is a positive linear functional on M„ Mm and ((j){Xij)) G MniMm)^ ■ As a result, 
/ o (/)(") is k-separable, which implies that (p is k-PEB. D 

Theorem 6.9. Let (/) : Mp — )• Mm be a linear map, and k < in.m(p,m). Then the following 
are equivalent: 

(i) (j) : OMlNfc (Mp) — )• Mm is completely positive. 

(ii) (j) is k-partially entanglement breaking. 

(iii) (j) : Mp — )• OMAXk{Mm) is completely positive. 

(iv) There exist completely positive maps ipi : Mp — )• M^ and Mi £ Mm,k, for 1 < I < q 



such that (piX) = ^f^^ Mi^Iji{X)Mi 



(v) There exist matrices Ai G Mpm, ^ ^ I ^ f of rank at most k, such that (f>{X) = 

EU^lxAi. 

(vi) cf) : OMlNfc(Mp) -> OMAXk{Mm) is completely positive. 

Proof. The equivalence of (i) and (ii) is stated in Theorem l6.6l while the equivalence of (Hi) 
and {iv) is stated in Proposition 16. 71 By CorolIary l6.81 (Hi) implies (ii). Note that : Mp — > 
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OMAXfc(Mm) is completely positive if and only if (/>' : OMAXjt(Mm)' -^ M^ is completely 
positive. Using the identifications of Proposition 16.51 we have (j)' : OMINfc(M^) — )• Mp is 
completely positive if and only if (f> = jp^ o </>' o 7^ : OMINfc(Mm) — )■ Mp is completely 
positive, i.e. ^^ : Mm -^ Mp is k-PEB. Hence, if (/> = {4>^)^ is k-PEB, then (f)^ is k-PEB, 
which is equivalent to (j) '■ Mp — t- OMAXfc(Mm) is completely positive. So (ii) implies (Hi). 
Now we have the equivalence (i) — {iv). 

To show that {iv) implies (u), we may assume that each completely positive map -0; : Mp — )• 
Mfc can be written as tpi{X) = X]^=i ^'j i^-^j,i^ ^^^ some Bji G Mp^j.. Then, 

q r s 

'^(^) = E E MiBliXB,,iMt = J2 AlXAi, 
1=1 j=i 1=1 

where each Ai = Bj^iM^ G Mp^m has rank at most k for all 1 < Z < s, since rank(yl;) < 

min(rank(Sj^;),rank(M;)) = k. 

To see that {v) implies {iv), each Ai S Mp^rn of rank at most k, can be factorized as 

Ai = BiMi, where Mi £ Mk^m is the reduced matrix of Ai containing only the k rows 

that span Ai, and Bi G Mp^f. is the coefficient matrix of Ai. Set ipi{X) = B^XBi which is 

completely positive, then (^{X) = Yld=i^i'4^i{^)^i- 

Finally, clearly {vi) implies {i). One can easily check that {iv) implies {vi). D 
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